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Abstract
Estimating the impact of environmental processes on vertical reef development in geological time scales due to complex models
and data with missing information is a very challenging task. This paper provides a Bayesian framework called BayesReef, based
on PyReef-Core, for the estimation and uncertainty quantification of environmental processes and factors which impact the depth
distribution of communities of corals and coralline algae (coralgal assemblages) found in fossil reef drill cores. PyReef-Core is a
deterministic, carbonate stratigraphic forward model designed to simulate the key biological and physical processes that determine
vertical accretion and assemblage changes in reef drill cores. The results show that explicitly accounting for the temporal structure
of the reef core, as opposed to only the depth structure, increases accuracy in parameter estimation. BayesReef provides insights
into the complex posterior distributions of parameters in PyReef-Core and provides the groundwork for future research in this area.
Keywords: Coral Reefs, Bayesian Inference, Stratigraphic Forward Modelling, Multinomial Likelihood,, Markov Chain Monte
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1. Introduction
Developing realistic models of reef evolution is challeng-
ing because the complexity of the process often exceeds the
amount of available data necessary to estimate this complex-
ity. Reef-building processes are determined by the interaction
between many environmental factors such as water chemistry,
light availability, sedimentation and hydrodynamic energy [2],
yet the data from the geological record is sparse. As a result,
limited work has been done in modelling reef evolution. While
some software and models of long-term interactions of organ-
isms in a marine ecosystem exist [3], only recently has a spe-
cific software for coral reef modelling has been created [1, 4].
PyReef-Core [1] is a forward model that captures a number
of important ecological dynamics in coral reef systems and is
the first model to constrain hydrodynamic energy and sediment
input exposure thresholds for coralgal assemblages on a geo-
logical timescale. It is a deterministic, one-dimensional (1-D)
carbonate stratigraphic forward model (SFM) that simulates the
vertical (and not lateral, hence 1-D) coralgal growth patterns
observed in a drill core. PyReef-Core has a number of param-
eters representing external environmental factors which impact
reef development. Examples of these factors include sea level
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changes and the relationship between sediment input and depth.
It also has parameters describing the response of coralgal as-
semblage growth to these environmental factors, such as wa-
ter flow and parameters for internal population dynamics such
as the Malthusian parameter. Figure 1 shows the workflow of
PyReef Core.
The identification of the initial conditions and optimal path-
way, which lead to observed or simulated outcomes in forward
models of geoscientific phenomenon, rarely have a unique so-
lution [5, 6]. For example, different combinations of a range of
environmental parameters such as water flow, temperature and
population dynamics of the coral assemblages may give rise
to the same observed reef stratigraphy. This is known in the
geological modelling literature as non-uniqueness [7]. Strati-
graphic forward models (SFMs) produce a set of solutions that
represent multiple and competing hypotheses regarding geolog-
ical system evolution [8, 9]. However, the explicit temporal
structure simulated by PyReef-Core presents an opportunity to
increase the likelihood of obtaining unique solution.
PyReef-Core simulates both the depth and temporal structure
of communities of corals and coralline algae (coralgal assem-
blages) at a geological timescale. By depth structure, we refer
to the thickness and type of coral coralgal assemblage at vary-
ing depths. By temporal structure, we refer to the thickness and
type of sediment and/or coralgal material laid down at varying
points in time. We use this feature of PyReef Core to show how
incorporating the time series structure reduces the number of
possible outcomes.
Preprint submitted to Elsevier August 9, 2018
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Figure 1: Schematic of the pyReef-Core workflow (left) and of the resulting simulated core (right). First boundary conditions for sea-level, sediment input and flow
velocity are set. The bottom panel of figures describes how these quantities vary with time and depth. The environmental tolerance thresholds (upper left) establish
the rate at which an assemblage grows vertically under the boundary conditions as a proportion of maximum growth. The environment factor, fenv, determines the
percentage of maximum growth rate that an assemblage can achieve. The environment factor ’turns on’ growth when a minimum threshold is reached, determining
the optimal conditions for initial growth. The environment factor is scaled by the Malthusian parameter, which is in turn used as input in the population dynamics
(GLV) equations to determine assemblage populations. Larger assemblage populations contribute to a faster rate of vertical accretion or carbonate production. At
the end of the time step, boundary conditions are updated and the process is repeated. Figure adapted from Salles et al. [1].
In addition to the uncertainty which results from a lack of
uniqueness, there are several other sources of variability [? 10].
Even if we manage to constraint the number of possible solu-
tions to be unique, there is still uncertainty surrounding that
unique solution. For example, we may estimate the commu-
nity interaction parameter between different assemblages to be
-0.5. However, we need to be able to make a probabilistic state-
ment which expresses our uncertainty of this estimate, such as
the statement that the parameter lies between [-0.55 and -0.47]
with probability 0.90. To make such statements, we need a log-
ically consistent framework which fully accounts for different
sources of uncertainty [10].
Bayesian inference is a method for estimating a parameters
and for quantifying the uncertainty surrounding that estimate. It
is a principled manner in which to incorporate information from
multiple sources [11]. Information from prior research, and ex-
pert opinion, or knowledge of the physical processes, can be in-
corporated via a set of prior beliefs. Information from observed
data is used to update these prior beliefs via the likelihood func-
tion. The prior and likelihood are combined via Bayes’s the-
orem to give the posterior distribution, which is the basis for
Bayesian inference. In the case of environmental problems,
Bayesian inference for uncertainty quantification has been de-
ployed for a number of problems [12? ].
This paper provides a Bayesian framework for the estima-
tion and uncertainty quantification of environmental processes
and factors which impact the depth and temporal distribution
of communities of corals and coralline algae (coralgal assem-
blages) found in fossil reef drill cores. This investigation is
the first of its kind to use Bayesian inference for understand-
ing the evolution of reefs over geological timescales. We show
how the Bayesian framework can be used as a tool for quanti-
fying uncertainty which arises from several sources of incom-
plete information. We extend the usefulness of PyReef-Core
model, to estimate parameters that affect long-term biological
and geological reef-building processes. We call this framework
BayesReef and implement it using Markov Chain Monte Carlo
(MCMC) sampling methodology. We choose PyReef-Core to
demonstrate the idea since it is the only tool for available for
the problem, however, the framework is general and can be
adapted for other models. BayesReef provides estimation and
uncertainty quantification for complex processes with sparse
data makes four major contributions to the literature.
First, we extend PyReef-Core, which is a deterministic for-
ward model, to a probabilistic one, BayesReef, by placing prob-
ability distributions over the initial conditions, informed from
previous knowledge of the system. These distributions, are ex-
amples of prior distributions, referred to earlier, and explicitly
encode all assumptions. For example, we can say that our prior
belief regarding water flow velocity is that it should be greater
than 0, and less than 0.3 meters(m)/seconds (s) [13]. Constrain-
ing the set of possible values of unknowns is crucial in obtain-
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ing solutions to inverse problems, such as the one presented in
this paper. Prior distributions are a principled and logically con-
sistent way to impose constraints. Prior distributions are also
useful because formulating them requires us to explicitly en-
code our assumptions. Thus we can measure the sensitivity of
our results and inference to those assumptions by altering them.
Second, we use the Bayesian framework to fuse various
sources of information in a logically consistent manner. Expert
opinion and the results of previous studies can be incorporated
in the prior, while simulated data from the pyReef-Core is con-
nected to the observed assemblage in the reef core via a multi-
nomial likelihood function. The posterior, which is a product
of the prior and likelihood, becomes the solution to the inverse
problem.
Third, we use BayesReef to constrain the number of solu-
tions that represent the unique palaeo-environmental history of
the reef core by incorporating knowledge of the time structure
as well as the depth structure of reef drill cores embedded in
PyReef-Core.
Fourth, we make the methodology and its implementation
available as software tool BayesReef for other researchers in
theembedded in PyReef-Core, area [14]. This software can be
used to make inference about evolution of reefs over time, to
make predictions from PyReef-Core and to quantify the uncer-
tainty of that prediction.
The rest of the paper is outlined as follows: Section 2 pro-
vides background and related work while Section 3 presents
the the methodology and techniques used, including the multi-
nomial likelihood function. Section 4 presents experiments and
results. Sections 5 and 6 conclude the paper with a discussion
of results and of areas of future research.
2. Background
2.1. Coral reef evolution
The ability of corals to vigorously grow and build reef struc-
tures is dependent upon favourable environmental conditions
[16]. Three related environmental factors examined in pyReef-
Core are key in influencing coral reef evolution on multi-
decadal to centennial timescales. They are water depth (ac-
commodation), hydrodynamic energy and autochthonous (reef-
derived) sediment input.
Accommodation is the vertical space in the water column
above the substrate within which corals can grow. Accommo-
dation affects hydrodynamic energy and sediment flux. Wave
energy and water flow decrease with depth, such that corals
growing in shallower water experience increased hydrodynamic
energy [17]. At the organism level, currents, water flow and
oscillatory motion induced by waves are critical in modulating
physiological processes in coral and thus influence coral growth
rates [18, 19]. Similarly, fluxes of reef-derived carbonate sedi-
ments typically increase with depth as they are less disturbed by
currents and settle on corals [20]. Sediment input inhibits coral
reef growth and even causes mortality via turbidity, reducing
light and the ability of corals to meet energy requirements via
photosynthesis [21, 22], and via smothering and abrasion [23].
Over geological timescales, these environmental distur-
bances are important determinants of the composition of coral-
gal assemblages and their spatial distribution in specific envi-
ronmental niches across the reef and with depth [24, 25, 26, 27].
2.2. pyReef-Core
We employ a carbonate stratigraphic forward model of ver-
tical reef growth called pyReef-Core, which simulates vertical
sequences of coralgal assemblage changes like those found in
actual fossil reef drill cores 2. PyReef-Core represents one of
the first attempts to incorporate coral ecological dynamics into
carbonate system modelling [1]. The tool simulates the interac-
tion of the main biological and physical reef-building processes
including hydrodynamic energy, sediment input and the ecolog-
ical interactions between different coralgal assemblages (Figure
1).
Some model input parameters are informed by empirical
data, such as the relative sea level history, depth-dependent
rate of sediment input and depth-dependent water velocity (Fig-
ure 3). Other model parameters cannot be inferred on geolog-
ical time scales and must be acquired through empirical test-
ing. This includes the parameters governing population dynam-
ics and environmental threshold functions such as the intrinsic
rate of growth/decline of coralgal assemblage populations (i.e.
Malthusian parameter) and parameters defining competitive dy-
namics between assemblages (i.e. the assemblage interaction
matrix [AIM]).
Environmental threshold functions control how the rate of
vertical accumulation for different coralgal assemblages can be
enhanced or limited by environmental factors (Figures 1 and
4). The environmental threshold functions in this version of
PyReef-Core measure assemblages’ sensitivity to sediment in-
put exposure and exposure to the velocity of water flow (i.e. hy-
drodynamic energy). In PyReef-Core, four values define each
exposure threshold, where the outer two values indicate the
absolute minimum and maximum values of the environmental
stressor which are known to be tolerable to an assemblage and
beyond which, the effects of exposure are lethal [21]. The re-
maining two values within the minimum and maximum bounds
indicate where flow velocity or sediment input begin to restrict
growth [1]. During each time step, flow velocity and sediment
input will intersect different points of the threshold curves for
each assemblage. The environmental factor, Fenv, that limits
growth during each time step is found by taking the minimum
of all threshold functions (i.e. fdepth, fsed and f f low; Figure 4).
This is multiplied by the maximum vertical accretion rate for
each assemblage to limit growth according to environmental
exposure (Fig. 1).
While there are clear theoretical relationships between the
duration and rates of sedimentation and flow velocity on coral
mortality [21, 28], determining these thresholds quantitatively
as inputs into pyReef-Core remain difficult to estimate. Using
a data fusion approach, the existing state of knowledge can be
employed within a Bayesian framework to estimate the values
of these unbounded parameters.
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Figure 2: (A) PyReef-Core output of the 30-metre-long reef drill core, used as the synthetic ground truth, representing a catch-up growth sequence. The first column
of pyReef-Core output represents the amount vertical accumulation contributed by each assemblage or by sediment within each 50 year time step. The second and
third columns represent vertical accumulation of each assemblage as a proportion of each depth interval. Where coral growth is absent, carbonate sand dominates
according to pyReef-Core algorithm. The fourth column represents the amount of vertical accumulation in 50 year increments over the course of the simulation. The
fifth column represents the simulated drill core displaying the dominant assemblage (or sediment) at each depth interval. (B) A schematic of modern coral zonation
with depth on a forereef representing a shallowing-upward growth strategy, displaying associated assemblage compositions and transitions, adapted from Dechnik
[15].
2.3. Bayesian Inference
We use Bayesian framework to provide estimates of model
parameters and quantify the uncertainty surrounding these pa-
rameters. It is common to denote these parameters generically
by θ, if there is only one parameter, or by θ if we are interest in
a vector of parameters. In the Bayesian paradigm, a prior belief
about θ is updated from information contained in an observed
data point via the likelihood, and inference about θ proceeds via
the posterior distribution. The relationship between these three
functions, the prior, the likelihood and the posterior is given by
Bayes Theorem
P(θ|D) = P(D|θ)P(θ)
P(D) (1)
where D is the data, P(D|θ) is the likelihood, P(θ) is the prior
and P(θ|D) is the posterior. Unfortunately this posterior dis-
tribution is rarely available in closed form. This is particularly
true for nonlinear inverse problems in geophysical models like
pyReef-Core, where no analytical expression for the forward
relation between data and model parameters is available [29].
In situations such as these sampling based methods such as
Markov Chain Monte Carlo (MCMC) methods are used to ap-
proximate the posterior, [30]. Loosely speaking, this involves
proposing draws of the quantity of interest from some proposal
distribution, and accepting these draws with a probability which
ensures that the Markov chain is reversible [31, 32].
MCMC methods are well established in many areas of geo-
science, with applications to modelling geochronological ages
[33], modelling the effect of climate changes in land surface
hydrology [34], inferring sea-level and sediment supply from
the stratigraphic record [35] and inferring groundwater contam-
ination sources [36]. However, Bayesian inference has seldom
been applied to reef modelling, despite evidence of their use-
fulness when handling models with complex, interrelating pa-
rameters [37, 38].
3. Methodology
In this section, we present the BayesReef methodology to
demonstrate how heterogeneous sources of information can be
combined to estimate key parameters which govern coralgal
vertical accumulation in PyReef-Core and quantify the uncer-
tainty surrounding them. We assess the performance of our
method by creating a synthetic core ground truth and compare
the predictions, parameter estimates and associated uncertain-
ties of BayesReef with that ground truth. We first discuss the
creation of the synthetic core and then we present our method-
ology.
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Figure 3: Graphs of the boundary conditions established for sea level (left) wa-
ter flow velocity (centre) and sediment input (right) used to create the synthetic
ground truth (Figure 1) and in all subsequent BayesReef experiments.
Figure 4: Graphs of the environmental threshold functions for the shallow (up-
per), moderate-deep (centre) and deep (lower) assemblages characteristic of an
exposed reef margin, interpreted from Dechnik[15]. The x-axis indicates the
limitation on maximum vertical accretion for conditions outside the optimal,
100% maximum growth window, indicated for clarity (blue translucent boxes)
for the hydrodynamic energy threshold for all assemblages. Note that maxi-
mum vertical accretion rates are defined in Table 1 for these three assemblages,
which were used to create the synthetic ground truth in Figure 1.
3.1. Creation of synthetic ground truth
A synthetic ground truth is created that represents an ide-
alised shallowing-upward fossil reef sequence representing a
catch-up growth strategy consistent with the Holocene evolu-
tion of several reefs globally (Figure 2A). Given some true ini-
tial conditions, chosen to be consistent with the literature, we
use the deterministic model PyReef-Core to produce the syn-
thetic ground truth. This ground truth is a single drill core
which records the whether a coralgal assemblage is present. If
it is present, then the type of coralgal assemblage is recorded,
otherwise PyReef-Core produces sediment.
The information from the drill core is represented in two
ways, which we refer to as the depth-structure and the time-
structure. The depth structure representation records the ground
Free parameters True values
Population dynamics
Malthusian parameter (ε) 0.08
AIM super-/sub-diagonals (αs) -0.03
Hydrodynamic energy (m/s) f 1f low f
2
f low f
3
f low f
4
f low
Moderate-deep assemblage 0.008 0.051 0.172 0.185
Fixed parameters True values
Population dynamics
AIM main diagonal (αm) -0.01
Hydrodynamic energy (m/s) f 1f low f
2
f low f
3
f low f
4
f low
Shallow assemblage 0.055 0.082 0.259 0.288
Deep assemblage 0.000 0.000 0.058 0.066
Sediment input (m/yr) f 1sed f
2
sed f
3
sed f
4
sed
Shallow assemblage 0.0009 0.0015 0.0016 0.0017
Moderate-deep assemblage 0.0015 0.0017 0.0028 0.0031
Deep assemblage 0.0023 0.0024 0.0027 0.0043
Simulation time (kyr) 8.5
Stratigraphic layer interval (yr) 50
Initial depth (m) 30
Number of assemblages 3
Initial assemblage populations 0
Maximum VA rates (m/kyr)
Shallow assemblage 11
Moderate-deep assemblage 12
Deep assemblage 9
Table 1: Summary of free and fixed parameter values used in BayesReef exper-
iments. True values of free parameters are used to obtain the synthetic ground
truth (Figure 2). Note that true values of the hydrodynamic energy and sediment
input exposure thresholds for each assemblage are graphically represented in
Figure 4. Fixed parameters remain constant across all experiments including
the creation of the synthetic ground truth dataset.
.
truth as the coralgal assemblage present at various depths in the
drill core. The time structure representation of the data records
the time at which the ground truth coralgal assemblage in the
drill core was formed. Both of these representations are avail-
able from PyReef Core.
PyReef Core is a complex forward model depending upon
many factors, see Figure 1. The values of the factors, which we
refer to as parameters, appear in Table 1. The parameters were
chosen to mimic the thicknesses of facies and the timing of de-
position when compared to a review of all Holocene drill cores
[17]. Details of the parameters with reference to the literature
are discussed below.
The simulated time for the synthetic ground truth and all subse-
quent experiments run from 8.5 thousand years ago (ka), where
water depth was likely 5 metres below sea level (mbsl), to
present day [39]. The initiation time 8.5 ka is within the take-off
envelope for Holocene growth for outer-platform reefs, which
ranges ∼8.6-6-6 ka [40]. The initial reef surface is 30 mbsl,
which is consistent with the base of shallowing-upward se-
quences exhibited in drill cores from the Great Barrier Reef
(GBR) and Indo-Pacific reefs [41, 17].
The synthetic experiment simplified accommodation (i.e., the
vertical space available for potential reef accumulation) by sim-
ulating it as a function of Holocene sea-level changes and ver-
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tical coral reef growth only. The Holocene relative sea-level
(RSL) curve for the Australian East Coast is used as the sea-
level boundary condition, presented in Figure 3 [39]. The data
indicates a RSL history characterised by a mid-Holocene high-
stand of 1.8 m at ∼4 ka before returning slowly to present sea-
level.
We assume that flow velocity and related hydrodynamic energy
is an exponentially decreasing function of depth (Figure 3).
Flow varies from extremely low, laminar flow (<4 cm/sec) on
the deep forereef (>30 m depth) to mean flow speeds of 20-
30 cm/sec in <1 m depth [13]. This relationship has been vali-
dated by lab and field studies [42, 43, 44]. The maximum flow
velocity reached in any PyReef-Core are restricted to 30 cm/sec
based on these studies.
Simulations in PyReef-Core use a depth-dependent sediment in-
put function to approximate the spatial variation in sedimenta-
tion rate resulting from hydrodynamic conditions. Following
the same approach as for the definition of the hydrodynamic en-
ergy, we use a sedimentation-depth relationship conceptualised
by Chappell [20] to simulate sediment deposition in this study
(Figure 3).
The coralgal assemblages produced by PyReef-Core can take
on one of three types, shallow, moderate deep and deep. These
three types are consistent with those found on southern GBR
reefs and capture the full extent of the shallowing-upward se-
quence in a high-energy, exposed setting (Figure 4) [15]. The
maximum vertical accretion (VA) rates for the three assem-
blages are defined based on a full analysis of all Indo-Pacific
reef drill cores [17, 15] (Table 1).
Environmental threshold functions for the ground truth de-
picted in Figure 4 entail the growth response of coralgal assem-
blages to changing depth, sediment input and hydrodynamic en-
ergy. The pyReef-Core model is constructed so that maximum
VA rates for assemblages are only reached under optimal con-
ditions. Elsewhere, growth is proportional to the environmental
factor determined by exposure threshold functions [1] (Figure
4).
The depth exposure thresholds for each coralgal assemblage
are well-defined in the literature [15, 45], however there is
little to no data on the optimal growth environments or as-
semblages in relation to other environmental factors; not at
the species level and certainly not on greater-than-decadal
timescales. Therefore, the threshold functions for sediment in-
put and hydrodynamic energy have been manually estimated
for the creation of the synthetic ground truth (Figure 4). This
manual estimation is done largely by trial and error, until the
desired shallowing-upward sequence is obtained that accurately
reflects the expected shift from deep to moderately-deep assem-
blages at ∼15−20 mbsl, and from moderately-deep to shallow
assemblages at ∼6 mbsl [46, 15] (Figure 2).
Temporal and vertical evolution of the produced synthetic
core are obtained at user-defined intervals and depend on each
assemblage production rate that varies based on aforementioned
input parameters.
3.2. BayesReef: Likelihood and Priors
To demonstrate the technique, we consider the synthetic
ground truth as the observed coralgal assemblages, yoD =
(yoD,1, . . . , y
o
D,D), where y
o
D,d is the type of coralgal assemblage
at depth d, for d = 1, . . . ,D. The superscript o is for observed,
while the subscriptD is to denote that the data has a depth struc-
ture, i.e. the observations record the coralgal assemblage at a
particular depth.
If we can identify the date at which the coralgal assemblage
was formed, then we denote the data as yoT = (y
o
T,1, . . . , y
o
T,T ),
where the subscript T is to denote that the data has a time struc-
ture, and yoT,t is the type of coralgal assemblage observed at
time t, for t = 1, . . . ,T . We note that there are many time
structures which give rise to the same depth structure, but not
vice-versa. Thus the time structure contains more information
than the depth structure. Indeed there is only a one-to-one cor-
respondence between the two if the rate of coralgal growth is
constant over the entire time period in question. We show how
using this knowledge of the time structure allows us to constrain
the parameter space.
For conciseness we will now drop the subscriptsD and T and
develop the general model for the data, but we return to this in
the discussion of the results.
The observations yo are the data referred to in Equation (1).
Given the data, yo, inference about the unknown parameters, θ,
proceeds via the posterior distribution, p(θ|yo). The denomina-
tor in Equation (1) is just a normalizing constant and does not
depend upon θ, so that Equation (1) is often expressed as
p(θ|yo) ∝ p(yo|θ) × p(θ).
where p(·) represents a probability density function, p(yo|θ) is
the likelihood function and p(θ) is the prior distribution.
In this paper the parameters of interest, denoted by θ, are;
the Malthusian parameter, denoted by ; the elements of the
assemblage interaction matrix (AIM), denoted by the matrix
A; four critical points that define the hydrodynamic energy
exposure threshold function for each assemblage, fi, f low =
( f 1i, f low, ..., f
4
i, f low), where i denotes the assemblage type i; and
four critical points defining the exposure threshold function
of sediment input f sed = ( f 1sed, ..., f
4
sed). So the vector
of parameters on which we wish to make inference is θ =
(,A, f1, f low, f2, f low, f3, f low, fsed). Details about the “true” value
of these parameters used in obtaining the synthetic ground truth,
yo appear in Table 1.
Likelihood
Likelihoods are probabilistic models of the data-generating pro-
cess given some parameters θ. They are used to describe how
likely the observed data are if we knew the true value of θ. The
existence and type of coralgal assemblage that grows at vari-
ous points in time are random variables that take on a discrete
number of outcomes; either coral grows or it does not (in which
case we observe sediment), and if it does, then the assemblage
type is either shallow, moderate-deep or deep and any likeli-
hood function should reflect the discrete nature of these out-
comes.
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Figure 5: Workflow of BayesReef framework which uses MCMC sampling for inference of free parameters in the pyReef-Core model. Prior probability distributions
represent the subjective beliefs about free parameters before evidence from BayesReef is considered. Priors are informed by fusing multiple data sources. Priors are
used to propose the initial vector of free parameters (for population dynamics and environmental exposure threshold functions) to be used in the BayesReef MCMC
sampler. Note that although the MCMC random-walk sampling is used, it can be replaced by other Monte Carlo sampling methods that include Hamiltonian Monte
Carlo or parallel tempering.
In this example we choose a multinomial likelihood. There
is no explicit expression for the quantity p(yo|θ), however we
use the output from PyReef Core to compute this function.
Given values of θ, PyReef Core produces the proportion of
various assemblage types at equally spaced points in time, de-
noted by Π = (pi1, . . . ,piT ), where piml = (pi
m
t1, . . . , pi
m
tK), for
t = 1, . . . ,T , and k = 1, . . . 4 with
∑K
k=1 pitk = 1. These pro-
portions are time-varying, but the manner in which they change
over time cannot be explicitly written. Instead these changes
are embedded in the PyReef Core forward model.
It is important to note that there is a deterministic relation
relationship between θ and Π, and therefore p(yo|θ) = p(yo|Π).
We consider the elements of the T × K matrix Π, namely, pitk,
to be the probability that assemblage k is present at time t, and
use these probabilities as inputs for the multinomial likelihood.
So that
Pr(yo|θm) =
T∏
t=1
K∏
k=1
piztk (2)
where ztk = 1 if yt = k, and ztk = 0 otherwise.
The observations are the coralgal assemblages in the syn-
thetic core yo.
3.3. Priors
3.3.1. Priors for ε and A
In order to make the algorithm computationally feasible,
some simplifications were made to the pyReef-Core model to
reduce the total amount of free parameters in BayesReef. First,
the value of the Malthusian parameter, ε is assumed apriori to
be equal for all coralgal assemblages. We place an uninforma-
tive prior on ε, so that p(ε) ∼ U[0, 0.15]. Second, the AIM
A, is assumed to be symmetric and block diagonal with equal
diagonal elements, so that
A =
αm αs 0αs αm αs0 αs αm

The zeros in the matrix indicate conditional independence
between two assemblages that are not close together in space,
[47]. The prior for p(αm), p(αs) is U[−0.15, 0].
There are additional restrictions imposed upon combinations
of ε and A. The numerical ordinary differential equation (ODE)
solver we use, the Runge-Kutta-Fehlberg of order (4,5) (RKF-
45) method, becomes linearly unstable when the magnitude of
the difference between ε and αm or αs is too great. This is
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because it uses adaptive stepsizes, which has limited stability
when dealing with stiff equations [48]. One way to address this
is to pick a ODE solver that does not have adaptive stepsize,
however this reduces accuracy of solutions. To insure stability,
the range of ε, αs and αm are limited to 0.15 and -0.15 respec-
tively (Table 2).
3.3.2. Priors for f f low and fsed
Parameters that define the sediment input exposure threshold
function, fsed, and the hydrodynamic energy exposure threshold
function, f f low, serve as constraints that restrict vertical growth
to only occur within a range of values for these environmental
stressors. There are four parameters for each assemblage that
define the exposure threshold function to sediment input, fsed,
and four that define the exposure threshold function to hydro-
dynamic energy, f f low, for three assemblages, so that there are a
total of 24 parameter; 12 for fsed and another for 12 f f low.
Based on the sediment-depth and flow-depth relationships
established in Section 3.1, the maximum flow velocity is
0.3 m/sec and the maximum sediment input is 0.005 m/kyr.
The limits on these environmental factors have been informed
by physics and prior knowledge of reef systems. Prior distri-
butions for all elements of fi, f low and fsed ensure an ordering.
For example, fi, f low = ( f 1i, f low1 , f
2
i, f low, f
3
i, f low, f
4
i, f low) has a prior
distribution such that
P( fi, f low) = P( f 1i, f low) ×
4∏
j=2
p( f ji, f low| f j−1i, f low)
with f ji, f low ∼ U( f j−1i, f low, 0.3].
Table 2: Prior distributions and the proposal standard deviation σ for the
Metropolis-Hasting kernel in the MCMC scheme for the free parameters in
BayesReef. Note that proposal standard deviation is 1% of the width of the
absolute range of the prior.
Parameter Priors σ; Stepsize in RWMH
f f low P( f f low1 ) ×
∏4
j=2 p( f f low j | f f low j−1 ) 0.00300
fsed P( fsed1 ) ×
∏4
j=2 p( fsed j | fsed j−1 ) 0.00005
ε U[0.00, 0.15] 0.00150
αm U[−0.15, 0.00] 0.00150
αs U[−0.15, 0.00] 0.00150
There is little to no quantitative data collected on the growth
response of coral species (let alone coralgal assemblages) to dif-
ferent flow and sediment regimes. As such, we cannot incorpo-
rate more information into the prior. The relaxed constraint we
chose gives the best chance for coralgal vertical accretion to be
simulated in the model by avoiding situations where a threshold
is too narrow to allow growth to occur at all. Therefore, they
formally express the state of limited knowledge regarding long-
term effect of hydrodynamic energy and sediment flux regimes
on coral growth. Details regarding their corresponding prior
distributions appear in Table 2.
3.4. Estimation via Bayesian Inference
We take a Bayesian approach and use the posterior distribu-
tion, p(θ|yo), to estimate and make inference regarding θ. We
obtain the predictive distributions of an assemblage at time T+1
to be p(y∗T+1) = p(y
∗
T+1|yo), where the notation y∗ denotes an un-
observed prediction, by integrating over all possible values of
θ,
Pr(y∗T+1|yo) =
∫
Pr(y∗|yo, θ)p(θ|yo)dθ (3)
Then the integral in (3) is approximated by,
Pr(y∗T+1|yo) ≈
1
M
M∑
j=1
Pr(y∗T+1|yo, θ[ j]) (4)
where θ[ j] ∼ Pr(θ|yo).We use a Random Walk Metropolis-
Hastings (RWMH) transition kernel for the proposal distribu-
tion q(.) in Algorithm 1.
The BayesReef framework for estimation and inference is
shown in Figure 5 which highlights the MCMC sampling for
inference of free parameters in the py-Reef Core model,
Alg. 1 BayesReef algorithm
Initialise θ = θ[0], by drawing θ[0] from the joint prior distribu-
tion θ[0] ∼ p(θ) i = 1 : M
1: Propose a value θ[p]|θi−1 ∼ q(θ[i−1]), where q(.) is the pro-
posal distribution, which we choose to be normal with
mean θ[i−1] and diagonal covariance matrix, Σ, with diago-
nal entries equal to the square of σ in Table 2.
2: Using the forward model pyReef-Core, with θ[p] as the ini-
tial conditions, compute the set of parameters need to eval-
uated the likelihood, Π[p] and Π0
3: Calculate:
paccept = min
1, p
(
y|Π[p]
)
p
(
θ[p]
)
p
(
y|Π[i−1]
)
p
(
θ[i−1]
) · q (θ[i−1]|θ[p])
q
(
θ[p]|θ[i−1]
)

where p(y|Π) is given by Equation 2.
4: Generate u ∼ U(0, 1) and set θ[i] = θ[p] if paccept < u.
Otherwise, set θ[i] = θ[i−1].
We note that although this paper uses a random walk for the
proposal q(.), BayesReef is a general framework and hence
other proposal distributions such as the NUTS algorithm in
Hamiltonian MCMC [49] can be used.
Software availability: The source code and installa-
tion package of BayesReef can be downloaded from the
pyReef-model Github repository at: https://github.com/pyReef-
model/BayesReef.
4. Experimental Design and Results
We investigate the performance of BayesReef using the
multinomial likelihood function outlined in Section 3.2 when
the time structure is the basis of prediction and when the
depth structure is the basis of prediction. The performance of
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Par-
am-
eter
True
value
time structure depth structure
Mean Mode AR
(%)
Mean Mode AR
(%)
2 free parameters
αs -0.03 -0.029 -0.035 36.7
-0.033 -0.043
61.4
ε 0.08 0.081 0.082 0.136 0.133
4 free parameters
f 1f low 0.008 0.014 0.037
31.1
0.018 0.041
78.2f
2
f low 0.051 0.049 0.042 0.041 0.041
f 3f low 0.172 0.116 0.049 0.131 0.116
f 4f low 0.185 0.227 0.296 0.201 0.213
Table 3: Summary statistics for parameter estimates from time structure and
depth structure experiments with two and four free parameters. AR is accep-
tance rate.
BayesReef is measured in two ways: by its ability to recover the
time structure and depth structure of coralgal assemblage com-
positions and transitions of the ground truth; and the estimation
accuracy of the parameters used to create the ground truth core.
Note that these two performance measures are related but not
the same. It may be that the same coralgal assemblage is pre-
dicted by different combinations of input parameters.
The technique’s relative performance of the time structure vs
depth structure was examined in two settings. In the first set-
ting the super-/sub-diagonal parameter of the AIM (αs) and the
Malthusian parameter (ε) are free to vary while the remaining
parameters are fixed. In the second setting, the four parame-
ters that comprise the hydrodynamic energy exposure threshold
function ( f 1f low,..., f
4
f low) for the moderate-deep assemblage are
free to vary. The number of MCMC iterations in the first set-
ting was 10,000 samples, while the corresponding number in
the second setting was 20,000 samples Both have a 10% burn-
in. Each experiment takes ∼11-22 hours to run using an Intel
Core i7-8700 Processor (6 Cores, 12 MB cache, 4.6 GHz).
4.1. Two-parameter experiment results
Figure 6 presents the results of experiment in the first setting.
Panels(a) to (c) present the results for the time structure while
Panels(d) to (f) present the results for the depth structure.
We observe that with time-based inference the parameter es-
timates are highly accurate. The posterior distributions of αs
and ε contain the true values, with the mean and modes nearly
centered on the true values (Figures 6a and 6b; Table 3). In con-
trast the posterior distributions of αs and ε, using depth-based
inference, (Figures 6d and 6e) are wider, reflecting greater un-
certainty and in the case of ε, it is unlikely that the histogram
estimates approximates the posterior distribution at all, Figure
6e. The trace plots suggest that the MCMC chain has not con-
verged to the posterior distribution of ε.
The mean predictions and the 5% and 95% prediction in-
tervals for the time-based and depth-based estimation are pre-
sented in Figures 6c and 6f respectively. These figures display
the 90% credible interval (CI) of BayesReef predictions and
the true depth and time structures of the ground truth core. Fig-
ure 6c shows that the predictions using the time-based estima-
tion are remarkably accurate at estimating both the time and
depth structures of the data. In contrast, while predictions of the
depth structure using the depth-based data are accurate, predic-
tions of the time structure are not, Figure 6f. The estimate pre-
dicts that the shallow assemblage developed earlier and ceased
growth earlier in time, with a longer period of sedimentation
between ∼3000-4500 yrs of the simulation. This is in line with
the observation that many different time-based structures can
lead to very similar depth-based structures.
Figure 7 displays the time-based, panel (a), and depth-based,
panel (b), log of the likelihood surface as a function of αs and ε.
Figure 7a shows one distinct peak that is centered near the true
values of αs and ε (-0.03 and 0.08 respectively). In contrast,
Figure 7b shows a flat likeihood surface indicating that an area
of equally likely combinations of αs and ε.
4.2. Four-parameter experiment results
We present results with four free parameters to investigate
the ability of BayesReef to handle a higher-dimensional prob-
lem. In this setting the four flow parameters of the medium-
deep assemblage were allowed to vary, while the remaining pa-
rameters were held constant. Figure 8 summarizes the results.
Panel (a) show that the parameters f 12, f low and f
2
2, f low are well es-
timated by the model with time-based structure, but f 32, f low and
f 42, f low are not. The trace plots for f
3
2, f low and f
4
2, f low in Figure 8,
panel (b), show a high degree of autocorrelation in the iterates
and suggests that the MCMC scheme may not have converged.
Although we note that the 90% credible intervals do contain
the true values of these parameters. A similar story emerges
for the results of depth-based structure; f 12, f low and f
2
2, f low are
well estimated but not as well as the time-based structure, while
f 32, f low and f
4
2, f low are not, and a high degree of autocorrelation
for f 32, f low and f
4
2, f low. The estimates of the actual depth struc-
ture for both time-based and depth-base, Figure 8a), left side of
panels (e) and (f), are comparable to estimates for the two free
parameter setting, However, in the four free parameter setting,
a 0.5 m package of the shallow assemblage at ∼17 m depth is
not captured by the time or depth based models. The estimates
of the actual time structure are well approximated by the time-
based model but, consistent with the two free parameter setting,
not so well captured by the depth-based model, Figure 8a), right
side of panels (e) and (f).
The loglikelihood surfaces, as a function of f 2f low and f
3
f low
are shown in Figure 9; panel (a) for the time-based inference;
and panel (b) for depth-based inference. Panel (a) shows a
marked peak for f 2f low = 0.05, but this log-likelihood value is
the same across a range of values for f 3f low, show by the ridge
at f 2f low = 0.05. This peak is not as pronounced for the depth-
based structure.
5. Discussion
The results show that BayesReef provides a reliable predic-
tion of the synthetic ground truth data in the majority of cases.
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(a) (b)
(c)
(d) (e)
(f)
Figure 6: Density histograms of parameter estimates and mean model predictions from experiments with only two free parameters, αs and ε. Time structure
predictions are in Panels (a) to (c), and depth structure predictions are in panels (d) to (f).Panels (a,b) and (d,e) give histogram estimates of posterior distributions
(upper) and trace plots (lower) for the free parameter. The solid, black line in the histograms indicates the true values used to generate the ground truth. Panels (c)
and (f) are model estimates and measures of uncertainty in prediction on the basis of the (c) time structure and (f) depth structure of the ground truth core. Note that
we present the mean predictions from the perspective of both the depth and time structure of the core. The credible interval and mean of the model estimation is
compared to the ground-truth (black line).
Moreover, the estimated parameters provide an accurate predic-
tion of the reef-core when compared to the synthetic reef-core
data which demonstrates convergence. BayesReef provides the
groundwork for an insight into the complex posterior distribu-
tions of parameters in pyReef-Core. As expected time-based
inference produces more accurate predictions than dept-based
inference, and also has less uncertainty associated with this pre-
diction. With the exception of f 3f low and f
4
f low, the posterior dis-
tributions of free parameters after a maximum of 20,000 itera-
tions appeared to have converged. The 90% credible intervals
contained the true parameter value using time-based inference
in both settings. Moreover, mean estimations for the parame-
ters were almost exact replicas of the time and depth-structure
of the synthetic ground truth. In contrast, depth-based inference
was unable to replicate the time structure of the synthetic core
in neither setting.
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(a) (b)
Figure 7: Log of the likelihood surface as a function of αs and ε using (a) time-based and (b) depth-based inference.
We constrained the number of dimensions in the experiments
to investigate how BayesReef performs with a low-dimensional
(two-parameter) model, and a high-dimensional (four param-
eter) model. The results show that time-based inference had
equally-accurate predictions in low and high-dimensional ex-
periments. This promotes confidence in this technique in
achieving accurate predictions with higher-dimensional prob-
lems. Depth-based inference, on the other hand, produced
comparative accuracy in the two and four-parameter experi-
ments in depth structure only. Time structure predictions were
marginally better in the four-parameter experiment, however,
using depth-based inference showed greater uncertainty in reef-
core predictions in all the experiments. However, regardless
of using time or depth-based inference, four-parameter experi-
ments could not constrain the two upper parameters of the hy-
drodynamic energy exposure threshold ( f f low3 and f f low4 ) (Fig-
ures 8a and 8b). The large uncertainty around mean estimates
for f f low3 and f f low4 highlight how a broad range of values can
achieve the equivalent core prediction (Figures 8a and 8b). Sim-
ilarly, the bivariate likelihoods for f f low2 and f f low3 in Figure 9
show that, beyond a certain point, any values of f f low2 and
f f low3 produce equivalent high-likelihood results. This indicates
that there is not have enough information available to constrain
these parameters. Therefore, informative priors or reef-core
data containing more information may be able to constrain and
pinpoint the upper threshold of hydrodynamic energy for the
moderate-deep assemblages.
Alternatively, the result may actually reflect the environmen-
tal sensitivity of the moderate-deep assemblage. As the lower
limit of fluid flow is better constrained, we may understand
moderate-deep coralgal assemblages can tolerate extremely low
flow ≤5 cm/sec (Figure 8a). In addition the lack of constraints
regarding the maximum tolerable fluid flow may indicate that
the moderate-deep assemblage is robust to turbulent water flow
(Figure 9). Moreover, this may lead us to investigate factors
other than hydrodynamic energy that prevent the assemblage
from colonising in shallow water environments. Therefore, the
results provide insight into the influence of hydrodynamic en-
ergy on coralgal assemblage accretion.
Similarly, we infer from log-likelihood surface that ε has a
marginally greater control on the population dynamics of as-
semblages than αs (Figure 7a). The Malthusian parameter (ε)
governs the intrinsic rate of growth and decline of coral popula-
tions, whereas the sub-diagonal assemblage interaction matrix
parameter (αs) governs the intensity of the competition between
coralgal assemblages. The inference is that the competition be-
tween assemblages is less important than the rate of population
growth in determining biological interactions between assem-
blages.
In summary BayesReef has enabled greater insight into the
importance of the Malthusian parameter and assemblage inter-
action matrix parameters. Furthermore, it is demonstrably use-
ful in quantifying unobservable parameters such as a coralgal
assemblage’s response function to long-term hydrodynamic en-
ergy exposure.
5.1. Non-unique solutions and multimodality
The results show that reef-core predictions are better using
a time rather than a depth based likelihood. This is best high-
lighted by the log-likelihood of αs and ε (Figure 7). We observe
only a narrow peak in maximum likelihood using time-based
likelihood, and a large plateau of maximum likelihood using
depth-based likelihood (Figure 9). The flat surface of the depth-
based likelihood indicates a variety of combinations of popula-
tion dynamics parameters can give similar observed stratigra-
phy. Therefore, the depth structure of pyReef-Core simulations
may be considered to have no unique solution.
In some cases, we observed that BayesReef cannot reliably
estimate the true parameter values, while at the same time pro-
duce accurate prediction of the drilled cores which implies
multi-modality which is also visible by the likelihood surface.
Such cases of multi-modality also appear in other geoscientitic
problems such as landscape evolution models where different
combinations of parameters such as precipitation and landscape
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(a) (b)
(c) (d)
(e) (f)
Figure 8: Summary of results for a BayesReef experiment with four free parameters governing the hydrodynamic threshold of the moderate-deep assemblage.
Panels (a), (c) and (e) use a time-dependent likelihood and panels (b), (d), and (f) use a depth-dependent likelihood. Panels (a) and (b) are the hydrodynamic energy
exposure threshold composed of four parameters ( f 1f low, ..., f
4
f low, left-to-right in the figure), which function as coordinates. They are visualised to represent how
coral growth is limited according to the shape of these functions. The black line represents the initial thresholds used to create the synthetic data. The blue line
presents the modal estimates of each parameter with an envelope that represents the 90% credible interval. Associated traces of MCMC chains for f 1f low, ..., f
4
f low
are in panels (c) and (d). Panels (e) and (f) are the mean model estimates.
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(a) (b)
Figure 9: Log-likelihood surface for f 2f low and f
3
f low for the moderate-deep assemblage using(a) time-based inference and(b) depth-based inference. The areas of
lowest likelihood below the diagonal represent impossible values due to the condition that f 3f low ≥ f 2f low for all values of f 2f low.
erodibility have shown to produce similar topography evolution
[50]. Non-uniqueness in solutions in forward models such as
pyReef-Core makes it difficult to disentangle the different pro-
cess parameters (i.e. environmental parameters and population
dynamics parameters) that produced a particular stratigraphy
and consequently several competing hypothesis regarding the
dominant controls on reef development [51, 4]. Reef geolo-
gists get a limited understanding of the temporal evolution of
reefs based on the composition and depth structure of a drill
core alone. Drill cores must have core samples radiometrically
dated to be able to constrain the timing of reef accretion, the
rates of coralgal accumulation and the rates of sedimentation.
With BayesReef, we are able to constrain the environmental
conditions that elicit growth responses from corals over time,
and thus are able to better understand the dominant controls on
reef development and compare competing hypotheses of reef
evolution (e.g. [52, 53]). In this way, we can isolate the far-
fewer parameter combinations that produce a particular time
series of reef-growth events and hiatuses. Not only is pyReef-
Core a useful tool for reef geologists who wish to understand a
reef’s temporal evolution, but BayesReef is a powerful contri-
bution to the SFM as it is better able to constrain environmental
and biological controls using a core’s time structure. To our
knowledge there are no other tools which available for studying
temporal reef evolution in a statistically robust way.
5.2. Implications and extensions
Using time-based inference, the reef-core predictions from
two-parameter experiments were of equivalent quality and ac-
curacy compared to the four-parameter experiments. To elimi-
nate all assumptions, 27 free parameters would need to be es-
timated for a pyReef-Core problem with 3 assemblages, and
an even greater number of parameters with increasing number
of assemblages. We note that the experiments which consid-
ered only four free parameters with 10,000 samples took more
than 12 hours of computational time. With added dimension-
ality, we can expect greater complexity in the posterior dis-
tribution which cannot be explored efficiently with a canoni-
cal Metropolis-Hastings MCMC algorithm. A greater number
of samples will be required when the parameter increases and
hence the sampling could suffer from the curse of dimension-
ality. In future experiments, we hope to use parallel temper-
ing which is more suited for multi-modal distributions and also
can be implemented using a multi-core architecture for high
performance computing in order to address the computational
requirements when the number of parameters increases. Such
implementations have shown to be very useful for inference of
landscape evolution models [54].
The use of a multinomial likelihood produces accurate pre-
dictions, however one can argue that it does not fully convey the
nature of reef-building processes since it assumes independence
of observations. In other words, deposition of an assemblage in
the past is independent of deposition in the present. In real-
ity, the substrate composition of a reef is a strong predictor of
which assemblage will colonise it since corals tend to grow ver-
tically on their skeletons and populate areas where assemblages
of their type flourish [55]. A degree of dependence between ob-
servations is captured by the deterministic model pyReef-Core,
where assemblage ’populations’ depend on the relative abun-
dance of their same assemblages. Nevertheless, future develop-
ments of BayesReef must account for the dependence of obser-
vations through time to better capture the nature of biological
reef-building processes.
6. Conclusion and Future Work
We have presented BayesReef which is a comprehensive
Bayesian framework that incorporates multiple sources of in-
formation including forward models, priors and empirical data
from geological reef-cores. The methodology solves geologi-
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cal inverse problem posed by unobserved environmental condi-
tions and non-unique pathways to reef stratigraphies. The re-
sults show that the methodology estimates and provides uncer-
tainty quantification of the parameters that represent environ-
ment and ecological conditions in PyReef-Core using the (pos-
terior) probability distribution.
In future work, it would be useful to incorporate robust sam-
pling methods such as parallel tempering in conjunction with
high performance computing in order to address the computa-
tional requirements when the number of parameters increases.
Moreover, it is possible to visualize joint posterior likelihoods
of parameters, providing insight into the nature of parameter
interactions.
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